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The operator ideals theory is gaining importance in functional analysis, since it has many applications in spectral theory, geometry of Banach spaces, eigenvalue distributions theorem, fixed point theorem, etc. Throughout this paper, by *w* we denote the space of all real sequences, $\documentclass[12pt]{minimal}
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Definitions and preliminaries {#Sec2}
=============================

Definition 2.1 {#FPar1}
--------------
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There are several examples of *s*-numbers, we mention the following: The *n*th approximation number, denoted by $\documentclass[12pt]{minimal}
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Remark 2.2 {#FPar2}
----------
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Theorem 2.3 {#FPar3}
-----------
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*The Gel'fand numbers and the Weyl numbers are injective*.

Theorem 2.7 {#FPar7}
-----------
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*The Kolmogorov numbers and the Chang numbers are surjective*.

Definition 2.8 {#FPar8}
--------------

A finite rank operator is a bounded linear operator whose dimension of the range space is finite.

Definition 2.9 {#FPar9}
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((Dual *s*-numbers) \[[@CR4]\])
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Now we recall some known results related to the dual of an *s*-number sequence.

Theorem 2.11 {#FPar11}
------------
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Remark 2.12 {#FPar12}
-----------

(\[[@CR6]\])
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Theorem 2.13 {#FPar13}
------------

(\[[@CR5]\], p. 153)
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Theorem 2.14 {#FPar14}
------------

(\[[@CR3]\], p. 96)

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in \mathfrak{L}(U, V)$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{n}(P)=y_{n}\bigl(P^{\prime }\bigr)\quad \textit{and} \quad y_{n}\bigl(P^{\prime }\bigr)\leq x_{n}(P), $$\end{document}$$ *i*.*e*., *Weyl numbers and Chang numbers are dual to each other*.

Theorem 2.15 {#FPar15}
------------

(\[[@CR5]\], p. 153)
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Definition 2.16 {#FPar16}
---------------

(\[[@CR7], [@CR8]\])
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Definition 2.17 {#FPar17}
---------------
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Definition 2.18 {#FPar18}
---------------
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Lindentrauss and Tzafriri \[[@CR11]\] utilized the idea of an Orlicz function to define Orlicz sequence space: $$\documentclass[12pt]{minimal}
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Later, several classes of sequences have been introduced using Orlicz functions by Altin et al. \[[@CR13]\], Et et al. (\[[@CR14]\] and \[[@CR15]\]), and Tripathy et al. \[[@CR16]--[@CR18]\].
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Definition 2.19 {#FPar19}
---------------

(\[[@CR2]\])
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Theorem 2.20 {#FPar20}
------------
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Theorem 2.21 {#FPar21}
------------
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Definition 2.22 {#FPar22}
---------------

(\[[@CR2]\])
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Theorem 2.27 {#FPar27}
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(\[[@CR20]\])
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Main results {#Sec3}
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Notations 3.1 {#FPar28}
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                \begin{document}$$ \begin{aligned}[b] &S_{\mathbb{E}}:= \bigl\{ S_{\mathbb{E}}(U, V); U \text{ and } V \text{ are Banach spaces} \bigr\} , \quad \text{where} \\ & S_{\mathbb{E}}(U, V):= \bigl\{ P\in \mathfrak{L}(U, V):\bigl(s_{i}(P) \bigr)_{i=0} ^{\infty }\in \mathbb{E} \bigr\} . \quad \text{Also} \\ & S_{\mathbb{E}}^{\mathrm{app}}:= \bigl\{ S_{\mathbb{E}}^{\mathrm{app}}(U, V); U \text{ and } V\text{ are Banach spaces} \bigr\} , \text{where} \\ & S_{\mathbb{E}}^{\mathrm{app}}(U, V):= \bigl\{ P\in \mathfrak{L}(U, V):\bigl( \alpha _{i}(P)\bigr)_{i=0}^{\infty }\in \mathbb{E} \bigr\} . \end{aligned} $$\end{document}$$
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Proof {#FPar30}
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Corollary 3.3 {#FPar31}
-------------

*If* *M* *is an Orlicz function satisfying* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Delta _{2}$\end{document}$-*condition*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{\ell _{M}}$\end{document}$ *is an operator ideal*.

Corollary 3.4 {#FPar32}
-------------

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{\ell ^{q}}$\end{document}$ *is an operator ideal if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< q<\infty $\end{document}$.

Corollary 3.5 {#FPar33}
-------------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(q_{i})$\end{document}$ *is a bounded increasing sequence and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q_{0}>1$\end{document}$, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{\mathrm{ces}((q_{i}))}$\end{document}$ *is an operator ideal*.

Corollary 3.6 {#FPar34}
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Definition 3.11 {#FPar41}
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We state the following two theorems without proof, those can be established using standard techniques.

Theorem 3.12 {#FPar42}
------------

*Every quasi norm on the ideal* *Ω* *is a pre*-*quasi norm on the ideal* *Ω*.

Theorem 3.13 {#FPar43}
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Theorem 3.14 {#FPar44}
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Proof {#FPar45}
-----
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Corollary 3.15 {#FPar46}
--------------
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Corollary 3.16 {#FPar47}
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Corollary 3.17 {#FPar48}
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Corollary 3.18 {#FPar49}
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Theorem 3.19 {#FPar50}
------------

(\[[@CR20]\])

*For any infinite dimensional Banach spaces* *U*, *V* *and for any* $\documentclass[12pt]{minimal}
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Theorem 3.20 {#FPar51}
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Proof {#FPar52}
-----

Let *U* and *V* be infinite dimensional Banach spaces and for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p_{n}< q_{n}$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb{N}$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in S^{\mathrm{app}}_{\mathrm{ces}(p_{n})}(U, V)$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\alpha _{n}(P))\in \mathrm{ces}(p_{n})$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathrm{ces}(p_{n})\subset \mathrm{ces}(q_{n})$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in S^{\mathrm{app}}_{\mathrm{ces}(q_{n})}(U, V)$\end{document}$. Next, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q_{n}> p_{n}>1$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb{N}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu _{n}=\frac{1}{\sqrt[p_{n}]{n+1}}$\end{document}$. So, by using Theorem [2.27](#FPar27){ref-type="sec"}, one can find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in \mathfrak{L}(U, V)$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{16\sqrt[p_{n}]{3n+1}}\leq \alpha _{n}(P) \leq \frac{8}{\sqrt[p _{n}]{n+2}}$\end{document}$ such that *P* does not belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathrm{ces}(p_{n})}(U, V)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in S^{\mathrm{app}}_{\mathrm{ces}(q_{n})}(U, V)$\end{document}$. It is easy to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathrm{ces}(q_{n})}(U, V)\subset \mathfrak{L}(U, V)$\end{document}$. Next, if we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu _{n}=\frac{1}{\sqrt[q_{n}]{n+1}}$\end{document}$. So, by using Theorem [2.27](#FPar27){ref-type="sec"}, one can find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\in \mathfrak{L}(U, V)$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{16 \sqrt[q_{n}]{3n+1}}\leq \alpha _{n}(P) \leq \frac{8}{\sqrt[q_{n}]{n+2}} $\end{document}$ such that *P* does not belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathrm{ces}(q_{n})}(U, V)$\end{document}$. □

Corollary 3.21 {#FPar53}
--------------

*For any infinite dimensional Banach spaces* *U*, *V* *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$1< p< q<\infty $\end{document}$, *then* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathrm{ces}_{p}}(U, V)\varsubsetneqq S^{\mathrm{app}}_{\mathrm{ces}_{q}}(U, V) \subsetneqq \mathfrak{L}(U, V)$\end{document}$.

We now study some properties of the pre-quasi Banach operator ideal $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{\mathbb{E}}$\end{document}$.

Theorem 3.22 {#FPar54}
------------

*If the* *s*-*number sequence is injective*, *then the pre*-*quasi Banach operator ideal* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$S_{\mathbb{E}_{\varrho }}$\end{document}$, *g*) *is injective*.

Proof {#FPar55}
-----
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                \usepackage{amsmath}
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                \begin{document}$J\in \mathfrak{L}(V, V_{0})$\end{document}$ be any metric injection. Suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$JT\in S_{\mathbb{E}_{\varrho }}(U, V_{0})$\end{document}$, then $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varrho (s_{n}(JT))< \infty $\end{document}$. Since the *s*-number sequence is injective, we have $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$s_{n}(JT)=s_{n}(T)$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$T\in \mathfrak{L}(U, V)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
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                \begin{document}$n\in \mathbb{N}$\end{document}$. So $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varrho (s_{n}(T))=\varrho (s_{n}(JT))<\infty $\end{document}$. Hence $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in S_{\mathbb{E}_{\varrho }}(U, V)$\end{document}$ and clearly $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(T)=g(JT)$\end{document}$ holds. □

Remark 3.23 {#FPar56}
-----------

The pre-quasi Banach operator ideal ($\documentclass[12pt]{minimal}
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                \begin{document}$S^{\mathrm{Gel}}_{\mathbb{E}_{\varrho }}$\end{document}$, *g*) and the pre-quasi Banach operator ideal ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Weyl}}_{\mathbb{E} _{\varrho }}$\end{document}$, *g*) are injective pre-quasi Banach operator ideals.

Theorem 3.24 {#FPar57}
------------

*If the* *s*-*number sequence is surjective*, *then the pre*-*quasi Banach operator ideal* ($\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{\mathbb{E}_{\varrho }}$\end{document}$, *g*) *is surjective*.

Proof {#FPar58}
-----
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                \usepackage{amsbsy}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$Q\in \mathfrak{L}(U_{0}, U)$\end{document}$ be any metric surjection. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$TQ\in S_{\mathbb{E}_{\varrho }}(U_{0}, V)$\end{document}$. Then $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varrho (s_{n}(TQ))< \infty $\end{document}$. Since the *s*-number sequence is surjective, we have $\documentclass[12pt]{minimal}
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                \begin{document}$T\in \mathfrak{L}(U, V)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\varrho (s_{n}(T))=\varrho (s_{n}(TQ))<\infty $\end{document}$. Hence $\documentclass[12pt]{minimal}
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                \begin{document}$T\in S_{E_{\varrho }}(U, V)$\end{document}$ and clearly $\documentclass[12pt]{minimal}
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                \begin{document}$g(T)=g(TQ)$\end{document}$ holds. □

Remark 3.25 {#FPar59}
-----------

The pre-quasi Banach operator ideal ($\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Kol}}_{\mathbb{E}_{\varrho }}$\end{document}$, *g*) and the pre-quasi Banach operator ideal ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Chang}}_{\mathbb{E} _{\varrho }}$\end{document}$, *g*) are surjective pre-quasi Banach operator ideals.

Also, we have the following inclusion relations between the pre-quasi Banach operator ideals.

Theorem 3.26 {#FPar60}
------------

$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$S^{\mathrm{app}}_{\mathbb{E}_{\varrho }}\subseteq S^{\mathrm{Gel}}_{ \mathbb{E}_{\varrho }}\subseteq S^{\mathrm{Weyl}}_{\mathbb{E}_{\varrho }} \subseteq S^{\mathrm{Hilb}}_{\mathbb{E}_{\varrho }}$\end{document}$.$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathbb{E}_{\varrho }}\subseteq S^{\mathrm{Kol}}_{ \mathbb{E}_{\varrho }}\subseteq S^{\mathrm{Chang}}_{\mathbb{E}_{\varrho }} \subseteq S^{\mathrm{Hilb}}_{\mathbb{E}_{\varrho }}$\end{document}$.

Proof {#FPar61}
-----
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\varrho \bigl(h_{n}(P)\bigr)\leq \varrho \bigl(x_{n}(P)\bigr)\leq \varrho \bigl(c_{n}(P) \bigr) \leq \varrho \bigl(\alpha _{n}(P)\bigr), \\ &\varrho \bigl(h_{n}(P)\bigr)\leq \varrho \bigl(y_{n}(P) \bigr)\leq \varrho \bigl(d_{n}(P)\bigr) \leq \varrho \bigl(\alpha _{n}(P)\bigr). \end{aligned} $$\end{document}$$ Hence the result. □

We now state the dual of the operator ideal formed by different *s*-number sequences.

Theorem 3.27 {#FPar62}
------------

*The operator ideal* $\documentclass[12pt]{minimal}
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                \begin{document}$S^{\mathrm{Hilb}}_{\mathbb{E}_{\varrho }}$\end{document}$ *is completely symmetric*.

Proof {#FPar63}
-----

Since $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha _{n}(P^{\prime })\leq \alpha _{n}(P)$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$h_{n}(P^{\prime })=h_{n}(P)$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$S^{\mathrm{app}}_{\mathbb{E}_{\varrho }}\subseteq (S^{\mathrm{app}}_{\mathbb{E}_{ \varrho }})^{\prime }$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Hilb}}_{\mathbb{E}_{\varrho }}=(S^{\mathrm{Hilb}}_{ \mathbb{E}_{\varrho }})^{\prime }$\end{document}$. □

In view of Theorem [2.13](#FPar13){ref-type="sec"}, we state the following result without proof.

Theorem 3.28 {#FPar64}
------------

*The operator ideal* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Gel}}_{\mathbb{E}_{\varrho }}=(S^{\mathrm{Kol}}_{E_{ \varrho }})^{\prime }$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Kol}}_{\mathbb{E}_{\varrho }}\subseteq (S^{\mathrm{Gel}} _{\mathbb{E}_{\varrho }})^{\prime }$\end{document}$. *In addition if* *T* *is a compact operator from* *U* *to* *V*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Kol}}_{E_{\varrho }}=(S^{\mathrm{Gel}}_{E_{\varrho }})^{\prime }$\end{document}$.

In view of Theorem [2.14](#FPar14){ref-type="sec"}, we state the following result without proof.

Theorem 3.29 {#FPar65}
------------

*The operator ideal* $\documentclass[12pt]{minimal}
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                \begin{document}$S^{\mathrm{Weyl}}_{\mathbb{E}_{\varrho }}=(S^{\mathrm{Chang}}_{ \mathbb{E}_{\varrho }})^{\prime }$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{Chang}}_{\mathbb{E}_{\varrho }}=(S ^{\mathrm{Weyl}}_{\mathbb{E}_{\varrho }})^{\prime }$\end{document}$.

Theorem 3.30 {#FPar66}
------------

*If* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q_{0}>1$\end{document}$, *then the pre*-*quasi Banach operator ideal* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{\mathrm{app}}_{\mathrm{ces}(q_{i})}$\end{document}$ *is small*.

Proof {#FPar67}
-----
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                \begin{document}$q_{0}>1$\end{document}$, take $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$g(P)=\frac{1}{\lambda } (\sum_{i=0}^{\infty }(\frac{\sum_{j=0} ^{i}\alpha _{j}(P)}{(i+1)})^{q_{i}} )^{\frac{1}{h}}$\end{document}$ is a pre-quasi Banach operator ideal. Let *U* and *V* be any two Banach spaces. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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